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LCH (1)
Axioms of real numbers
1.The axioms arithmetics
2.The axioms of ordered
3.The complete Axioms
* Let R be a real number and a, b,c € R. Then
A :Va,b,ceR a+(b+c)=(a+b)+c.
A,:a+b=b+a
Az : foranya € R,3'element 0 ER s.t
a+(—a)=—a+a=0
A, : Ther exists an element 0 € R ,S.t
a+0=0+a=a
Then (R, +) Is a commutative group.
Ac ta.(b.c) = (a.b).c
Ag:a.b=Db.a
A, : A'ElementinR(1€R)s.ta.l=1.a=a
Ag: Va€R,AlaleR,s.taat=ata=1
Form As — Ag.(R,.) commutive ring
Ag:a.(b+c)=1(a.b)+ (a.c)
A - Ag (R, +,.) Isafield

Def:



* Subtraction a—b=a+ (—b),Va,b €ER
* Division a+-b=ab13b#0
The Axioms of order:
Ajpra<borb=<a
Aji;a<bandb<c—-a=5>
Ai,;a<bandb<c—-a<c
Aiz:a<b,ceER-a+c<b+c
Ais:a < b,cisnotnegative - a.c < —b.c
A = A, (R, +,.,<) order field.
Remark:
Rt ={x €R;x > 0}
R~ ={x€eR;x <0}

Propositions: Let (R, +,.) be a field, then prove the
following
1.Va,b,c €R,ifa+b=b+c,thena=c
2Va,b,c €ER,if a.b=c.b ,thena =c
3.Va,b € R ,prove that:
1l.—(—a) =a
2.(aH 1l =a
3.(—a) + (—b) = —(a+Db)
4.(—a).b = —a,b
5.if a.b = 0theneithera=00rb =0



Proof (5):
Leta#0,T.Pb=0
Sincea+0,thenda ! eRs.t aal=1
a 1(a.b) =0
(a t.a).b =0
1.b=0->b=0

Letb #0, TPa=20
Sinceb#0,thendab ' eRs.t b.b™1 =1
(a.b)b™1 =0

a.(b.b™1H) =0

a.1=0—-a=0

Absolute Value:
let a € R, the absolute value of a is:

[ a ifa>0
lal =4 O ifa=0
_—a ifa<O
la]: R - R* U {0} is the function of absolute

value.

Properties of absolute value.
Theorem: let a be a real number, then
l.lx]|<a o —a<x<a



21X >a eox>aorx < —a

Corollary: let a € R* and b € R, then
llx—b<aiff b—a<x<b+a
2|x —b|=Zaiff x=b+a or x<b—a

Let a,b € R and k be areal number, then

1.lal =0
2.lal =0iffa=0
3.a’ = |a|?
4.lab| = |al.|b]
5.2 = 14l

b |b|
6.lka| = |k|.|a|

Example: Va € R ,Va? = |q]
Proof:

If a > 0 then Va2 = a

If a < 0thenVa?z = —
by def absolute value to a we have



a=Va? if a=0
|al ={ |
—a= Va? if a<0
lal = Va2 Wl o sS allall WS
The triangle inequality
Theorem: ifa,b € R, then |a + b| < |a| + |b
Proof:
la +b|? = (a + b)? < a? + 2ab + b?
< |al® + 2|ab| + |b|?
< (la| + |b])?
~|la+b| < |al| + |b]

Corollary: if a,b € R, then |a — b| = |a| — |b|

LCH (2)

Def: let S < R S is said to be bounded above if there is

some real numbers ms.t x < m Vx € S, mis called upper
bounded of S



LCH (3)

Proposition:
If® +S c Randsup(S) = M,thenvVp <M Ix € Ss.t
p<x<M
lLe..ifsup(S) =MthenVe >0,qx € SStM —e<x <
M
proof:
let sup(S) = Mthenvx eSS, x< M
TP VxesS,p<x?
Supposethat x < p,Vx € S
— p Is upper bounded for S, but by hypothesis
p <M =sup(S).......... C!
sdx€eESOIp<x <M.

Theorem: The set N of natural numbers is unbounded
above in R
Proof:

Suppose N is bounded above.

By completeness axiom

N has a supreme M

Let sup(N) = M

From propositionabove In e NstM —1<n < M.



ThenM —1<n-M<n+1,
Butn+1€N

Andn+1>M = sup(N) - C!
Therefore, N 1s unbounded above

Theorem: Archimedan property
If x € R™" then for any y € R, there exists n € N s.t
n>y

Def: let F a field, F is called Archimedean filed, if for any
x€F,dn e Nstn > x
I.e.. N Is abounded above in F
EX:
1.R 1s Archimedean field
2.Q 1s Archimedean field

3.s ={a+ bV2:a,b € Q}is Archimedean field

Theorem: Denseness property
Between any two distinct reals, there exists
Infinitely many rationales and irrationals

LCH (4)
Def: (irrational numbers Q’ )
Let Q’ be a complement of Q in the real number R.



l.e.. Q' = R — Q, we called is set of irrational numbers
remark: R =Q U Q'
Theorem: prove that v/2 is irrational number
I.e.: There are no rational numbers whose square
IS 2
ie.Ax€EQDx*=2
proof:
suppose V2 is rational number i.e. V2 = =

2
So 2 =%,then m?é = 2n?

Case 1.
m and n are odd.
Since m is odd — m? is odd
Since n is odd — n? is odd
But 2n? is even - m? = 2n? - C!
Case 2:
m Is even and n is odd, then m = 2p
and m? = 4p?, - 4p? = 2n? - 2p? =n? -
C!
Case 3.
m IS odd and n is even, then, since m iIs odd
— m? is odd, and 2n? is even - m? = 2n® -
C!
. /2 is irrational number



Theorem: Q Is not Complete field

Theorem: for every real x > 0 and every integern > 0
there Is one and only one positive real y such that y™ = x

ie.Vx>0,vyneN,3!,yeR s.ty=x

Theorem: if % and S are rationales and q + 0 then
b \/is is irrational number
Proof:

Suppose = + 2 s is rational

Then thereisr,s € Z,s # 0s.t %+ \/§§=Z

S
Sov2B=_I_, ﬁzg(rn—sm)EQ
q q

S n sSn

qg(nr—sm)

2
802=( ) — | with theorem: Ax € Q 3

2
X =2
Theorem: Between any two distinct rationales there is an
Irrational number.

psn

EX:



1.Prove x? >0,Vx €R
2.Leta,bbetowrealsta<b+eVe>0thena<bh
Proof (2):
Suppose a > b

Thena+a>b+a

2a b+a

>
2 2

Takeezaz;b>0 (Sincea > b ,thena—b >0 -

a—>b
— > 0)
b . 2b+a—>b . a+b

a<b+e—a< b+2=
2 2 2

<a

a<b

EX:

1.Q i1s order field (A4 = Aq4)

2.C i1s field but not order
since:ifx=1-x=vV1->x2=-1<0 - C!
since: (x> = 0,Vx € R)

Metric space



Def: let X be anon-empty setand d: X X X —» R* be a
mapping. We say that order (X, d) 1s metric space If it is
satisfying the following:

1.d(x,d) > 0,Vx,y € X

2.d(x,y) = d(y,x)

3.d(x,z) <d(x,y)+d(y, z)

4.d(x,y) =0 ox=y

Not: d is called metric mapping
d(x,y) Is a distance between x and y

Remark: A mapping d: X X X — R™ is called a pseudo
metric for X iff d satisfies (1,2,3) in the above definition
and d(x,x) =0,Vx € X

Cauchy - Shwarz inequality
Leta = (aq,a,,...,a,) and b = (by,b,,...b,) be two

tripe of complex number , then:
1
2

n n n %
Z|ai + b;| < <Z|ai|2> (Zlbi|2>
i=1 i=1 i=1

MinkowskKis inequality



1 1 1
n p n p n p
(ZIai+bin> s(zmilp) . (zw) »
=1 =1 =1
> 1

Ex:if X =Rand d(x,y) = |x — y|, show that (X,d) is a
metric space.
Solution:
1.d(x,y) = |x —y| = 0 by def. of Absolute value
2dx,y) =lx—yl=1-(y—x)| =y —x| =
d(y,x)
3dx,z)=|lx—z|=|x—y+y—2Z
<lx—-yl+l|y—z|
=d(x,y) +d(y,2)
4.d(x,y) =0 iffx =y
d(x,y) =0 iff [x —y| =0
iffx—y=20
Iffx =1y
~ (X,d) 1s a metric space

Discrete metric space
LetX #@andd: X XX - Rs.t
_(0ifx=y
d(x,y)—{l if x #y
Vx,y,show that (X, d) is metric space



Solution:
1.d(x,y) = 0,Vx,y € X (by def. d)
2.d(x,y) =d(y,x)?
fx=y-d(xy)=0=d(x,y)
fx=y->dxy)=1=d(y,x)
3letx,y,z€ XTPd(x,y) <d(x,y)+
d(y,z)?
Ifx =zthend(x,z) =0
sinced(x,y) =0 and d(y,z) = 0 then
d(x,z) <d(x,y) +d(y,z)
Ifx #zthend(x,z) =0
since d(x,z) = 1 and either x # y or x #
Z,y =2
either: d(x,z) =d(x,y) =d(y,z) =1
or:d(x,z) =d(x,y)=1and d(y,z) =0
then: d(x,z) < d(x,y) + d(y, z)
1 < 1 + 1
1 < 1 + 0

LCH (6)

Ex: show that (X, d) Is pseudo metric space but not metric
where



d: XXX - R,d(x,y) = |x?—vy?| ,forall x,y €

R.

Solution:
Letx,y,z,ER
1-d(x,y) = |x?> —y?| = 0 , by def Abs. Value
2- d(x,y) = |x? = y*| = |[-(y? —x?)| =

ly* —x?*| = d(y,x)
3-d(x,y) = |x? —y?| = |x? —z? + z%? — y?| <
x? — 2% + |27 — y?|
\ <
d(x,z) +d(z,vy)
4-d(x,x) = |x*? —x*|=0,Vx €ER
=~ (X, d) pseudo metric space but not metric
space,
since, if d(x,y) =0 - |x? —y?| =0 > x? —
y2 =0 - x2 = y?
— X = y
eX:letx =1,y =-1
thend(x,y) =d(1,—-1) =] 1% — (—1)?]| =
0, butl # -1

Def: let (X, d) be a metric space S,T € X ,p € S then



1- The distance between p and S is
d(p,S) =inf{d(p,x) : x € S}
2- The distance between S and T Is
d(S,T) =infld(x,y) :x €S,y €T}
3-Diameter of Sis d(S) = sup{d(x,y) : x,y € S}
4-S is called bounded, if I M € R**, st d(x,y) <
M, ,Vx,y €S.

Def: let (X, d) be a metric spaceand S < X, Sis called
openset,ifvx € S,3r >0stB(x,r) c S

Ex:iIfS = @, then S is open set
IfxeS—> 3Ar>0s.t Blx,r)cS
F - F or T : T

LCH (7)

If S =X, then S is open set
Solution:
Since all balls is contains in X

Any open interval is open set. But the convers is not

true
Solution:



Letx €s »>x €(a,b) € (a,b) =S.
So. S Is open set

Ex:LetS =(—1,1) U (2,3)
Let x € s,thenx € (—1,1) or x € (2,3)
Thenx e (—-1,1) cSorx € (23)c S
~. S 1S open set. But is not open interval

Any ball is open set.

Proof:

Vy € B(x,r),aw > 0,s.t B(y,w) € B(x,1)?

Letw=7r—d(x,y) >0

LetZ € B(y,w) — d(z,y) <w

d(Z,y) <d(x,y) +d(y,z)
<dx,y+w
=d(x,y)+r—d(x,vy)
=T

ThenZ € B(x,r) — B(y,w) € B(x,r)

This is true for all y in B(x,r)

So B(x,r) is open set

S = {x},x € R is not open set
Since there Is not open interval in S Containing x and
Contained in S



le((Vr >0,3aB(x,r) =(x—r,x+r)cS))

la, b],|a, b), |a, o) and (—oo, b] are not open set
Proof:
If S=[a,b] ,then S Is not open set ?
Since, ifx=a » Vr>0,B(a,r) =(a—r1r,a+
r) & [a,b]

The intersection of any tow open set Is open set
I.e (( the intersection of any finite family of open set is

open))
Proof:
LetA={S,: Syisopensetk =1,2,..,n}
T.p Ni=1Sk isopen set
Let x € Nj={ Sk = x € S§, Vk , but S;, is open set Vk,
then3r, > 0s.t B(x,r,) € Si
Let r = min{ry ,7ry, ..., 7,}
Then B(x,r) c S, Vk.
~ B(x,7) € N}=1 Sk, therefore Ny~ S IS open set.

Theorem: the infinite intersection of open sets is not
necessary open set.



Ex:let S, = (x — 2 x4+ 1) Vx € R, open interval.

n n
n=1-s;=(x-1,x+1)
n=2—>52=(x—%,x+%)

1

1
n—3—>53—(x—§,x+§)

Whenn - oo Ny-, S, = {x} isnot open
Theorem: the union of any family (finite or infinite) —
(countable or uncountable) of open set is open
Proof:

Let A ={S,,S, is open set a EA}

T.P: Ugen S, 1S Open set

Letx € UgepnSy 2 Ja EAs.tx €S,

Since S, iIsopenset - Ja > 0s.t

B(x,r,) €S, ,thenx € B(x,1r,) € S, € Uger Sy

This istrue Vx € Ugep Sy, therefore U,ep S, 1S Open
set

Theorem: S is open iff S is the Union of balls

LCH (8)



Def: let X be anon-empty set and 7 is a family of subsets
of X, If T satisfy the following
1- ¢, X€eT
2- IfG HeET->G NHET
3- |f{G;L}ET—> UAEAGAET
Then, the order pair (X, t) Is called topological Space.

Theorem: every metric space is topological space.
Proof:
Let (X, d) be a metric space and T = the family of all
open subsets of X, then
1-¢p,X opensets—> ¢, X €T
2-G,,G, €T > Gy, G, are open sets
-Gy NG, ET
3-1f Gy €t,1 EAN—> VA, G, open subset of X
— U ep Gy Open set of
= UjreaGr €T
. (X, 1) is a topological space

Def: let d,and d, be two metric mapping in the set X,
then d,, d, are called Equivalent if every open set in
(X,d,) isopenin (X, d,) and Vice Versa



Def: let (X, d) be a metric space and S € X, S is called
closed set if S€ Is open Set where S =X — s
(Complement of S)

EX:

1-S = X 1s closed set.
Solution:
Since S¢ = X = ¢ open set

2-S = ¢ 1s closed set
Solution:
since S¢ = ¢¢ = X iIs open set

3-S =|[a,b],[a,b),S = (—x, b] are closed set in R
Solution:
IfS =[a,b] > S¢ = (—o,a) U (b, ) open set - S'is
closed set

4-InR, S = {x} is closed set
Since :
§5¢ =(—00,x) U (x,0) - S€isopen, So Sis closed
set.

5- Any finite set in R is closed set
Solution:
let S = {x{, x5, ..., x,} € R.
§¢ = (—00,x1) U (x1,x5)U..U(xp_1,%,) U



(xy , )
So,S¢ i1s open , then S is closed set
6-1fS =N ,S =7 ,then Sis Closed set
Solution:
letS =N
then S€ = (—o0,1) U (1,2) U (2,3) ... (Up=s(n,n +
1))
— S¢isopen — S is closed
tS=72-5=WU,-y(—-n+1),—m)) U (-1,0) U
(0,1) U (Upz1(n,n + 1))
S€ i1s open, then S is closed

LCH (9)

7-The Union of finite number of closed sets is closed.

Solution:

let A = {S;,; S; closedsetinX,i=1,2,..,n}

T.P: UL, S; is closed set

l.e. T.P (Ui, S;)¢ is open set

Since S; is closed, Vi then S{ is open Vi

and N;=, S; is open

So, (Uj=1 S;)€ is open (Ui ) =
m,SE)

therefore Ui, S; is closed.



Remark: the infinite union of closed sets is not necessary
closed set

Ex: let S, ={[_" - ]:neN} , S, 1S closed

n+1 'n+1
interval, Is U, -, S, is closed?
Solution:
[—1 1
|f7’l=1—>51 — _);_]
| 2 2

Ifn=2_>52

—2 2]
13’3

. +n . *
Whenn » oo = llmn%mm = llmn_, o I

24
n

SI|3

+1

S|k

s Un=1S, = (—1,1) open set

Theorem: The Infinite intersection of closed set S Is
closed?

Def: let X be a metricspaceand S € X,p € X, p is called
an accumulation point of S if every open set contain p
contains another pointgs.tp # q,q € S.



l.e..pisacc. pointof Sif vU,U isopensetp € U,
then U—-PNS # ¢

Remark: Since every open set is Union balls. So, we can
define acc. Point as following:

Pisacc. Pointof S, if vr > 0B(p,r) —{p} NS # ¢
* S' is the closure of all acc. Point of S (Derived set)
+ S isthe closureof Sand S =S U S’
* P Is not acc. Point, if 3U ,U isopenand p € U
StU—-{p}nS=¢.(le.3ar>0,B(r,p)—{p}n
S5=¢

Ex: lets = {1,5}, find S’ and S
Solution: TO find S’ there are some cases

LCH (10)

x=1 ,x=5 ,x<1 ,x>5 , 1<x<5

If x =1 - x1snotacc. Point since ,3r > 0

B(x,r) —{x}nS=0,whenr =1

B(1,1) — {1} n{1,5} =(0,2) — {1} n[1,5} =@

If x =5 — X isnotacc. Point, since 3r > 0,B(x,r) —
{x}NnS=0,whenr =1



- B(5,1)—{5}n{1,5}=({4,6) —{5}n{1,5} =0
If x < 1 — Xxare notacc. Pointsince x € (x — 1,1) and
(x—1,1)NS=09

If x > 5 — x are not acc. Point, since x € (5,x +
Dand 5, x+1)NS =0

If 1 < x < 5 are not acc. Point since,

x € (1,5 and (1,5 NS =0

So, S has no a acc. Pointthen S’ = @andS=SuU S’ =
SUp=S=.

Lets = {1 N } - {% n=123 } show that
s = {0}

IfS = (a,b),findS’
Solution:
If x = a - x 1sacc. Pointsince Vr > 0,
a€B0,r)=(a—r,a+r)and B(a,r) —{a} NS #
1)
If x = b — x i1sacc. Point, since Vr > 0,b € B(b,r)
B(b,r) =(b—-1,b+71r)and B(b,r) —{b} N
(a,b) # @
Ifa < x < b - xareacc. PointsincevVr >0,



x €B(x,r)=(x—r,x+r)and B(x,r) —{x} N
S+ 0

Thatis(x —r,x+7r)—{x}n(a,b) # 0

If x < a — x are not acc. Point since x €
(x—1l,a)and (x—1,a) NS =0

If x > b — x are not acc. Point, since x €
(b,x+1)and (b,x+1)Nn(a,b) =0
~S"=[ab]l > S=SUS" =][a,b]

LCH (11)

Def. A sub set A of a metric space X Is said to be dense If
A=X
Ex: prove that Q = R (i.e., Q dense set in R)
Solution:
If x € R, then x Is acc. Point in Q.
Since any open interval Contain x Contains
Infinitely rational and irrationals
Then Q' =R
S0Q=QUQ'=QUR=R
Def: a metric space is called separable if it has a countable
dense subset.



EX: R separable since Q countable and Q € R, with Q
dense in R
Theorem: let X be a metric space, S € X then

1-  Sisclosed iff ' € X

2-  Sisclosed set
3- S =SiffSclosed set
A- S is smallest closed set contains S.

Compact Space
Def: let (X, d) be a metric space, @ # S < X, if the set
{U,: U, open set, A €A} Is a family of open subsets of X
such that S € U en Uy, then the family {U,} is called
open cover for S in X.
- If the family {U,} is finiteand S € U e Uy then {Uy}
Is called finite cover.
- Let {U,}and {U_} be to open cover for S and
U, € {U,} VA, then {U,} is called subcover for {U,}
Def: let A be a subset of a metric space (X, d), A is called
compact set if every open cover for A in X has a finite
subcover.

LCH (12)



Exp: Any finite subset B of matric space (X, d) is
compact set
EX: R Is not compact

Ex : Any open interval A=(a,b) is not compact

Ex : Any closed interval A=[a,b] is Compact.
Proof :
Since we can restrict any open cover for A to finite
subcover such as :
Lete >0,B={(a—¢€a+¢€(ab),(b—¢€b+e)}

(a) (b]

Theorem: (( Bolzano weir strass theorem ))
In compact space X, every infinite subset S of X has at
least one accumulation point.

Theorem : In compact metric space, every closed subset is
compact.



Proof : X be a compact metric space, and A be a
closed subset of X, then

A€ is open. T.P A is compact.

LetB ={U, : UyisopensetinX,VA € "} be
open cover for A.

Then A € U, Uy

SineX =AU A° € (U Uy ) U AS,

But A° is open set then U<~ Uy U A IS open cover
for X, since X I1s compact set , then there exists a

finite member A4, 1,, ... ... , A, such that
n
X — AC U <U U,u)
i=1

Since that X = A° U (UjL, Uy;) .Since AN A° =@
,then A © Ui, Uy;

= B has a finite subcover { U1, Uys, .. ... , Usn }-
For A, = A Is compact.

LCH (13)

Theorem: Let (X, d) be a metric space, A € X, If Ais
compact, Then A is closed



Theorem: Let (X, d) be a metric space, A € X, IfAis
compact, Then A is bounded

Remark: In metric space

Compact — Closed + bounded
yz
Theorem: Let {I,, : n = 1,2,3, ... } be a family of closed
Interval
ifl,,, cL,,Vn,then N, -1, =0

Theorem: (Hien-Bord Theorem)
Every closed and bounded subset of R™, n > 1, is
compact.

Chapter Three

Sequences in Metric Space
Definition: Let S be any set a function f whose domain is
the set N and the range is S is

Called a sequence Iin S.
l.e. f:N - S,wherevneN,3x, €Ss.t f(n) =x,

1 1 1 1
l<=>==-,—,—,..
5n 5’10 ’15



’ LN

1 1 1
n+1 2 3

3<4>=4,4,4,..
4<n-3>=-2,-1,0,1,..

ol

Def: Let (X, d) be a metric space and < X,, > be sed. In
X, then < X,, > Is said to be converges to appoint in X, if
Ve>0,3k e Ns.td?(X,,,x) < €Vn > k. We write
X, = x orlim,_ X, = x,x Is called
LCH (14)
A Limit point of < X, >.
If vn > K, does not Converge, them < X,, > is called
divergent Sequence.
Not that: K depend on € only.
il g il nigl) jadll
(Xn = x)
(e (st gt 22 ellid ¢ u)ﬁ@jxuﬁf&d\sﬂ\@q
Y X Amliiall alss o) 3gaa
Ve>0,3keNs.tdX,,x) <eVn>k = X, €
B(x, e€).
Ex: Let < X,, > = < 1 > constant seq. show that
lim, X, =1
< 1>convergstolsinceve>0,3k€eEN
s.td(X,,x)=]1-1|=0<¢eVn>k



nif n <50
Ex: Let < X,, > be a seq. defined by X,, =
3if n =50
show that lim,,_, . X;;, = 3
Solution:
<X,>123,..,50,3,3,3,..
Ve > 0,3k =50s.td(X,x)=1|13-3|=0<e¢

Ex: Show that lim,,, X,, = 2,where < X,, > =<

2n—3
n

Solution:
Ve>0,tofindK eNstd(X,,x) < e,Vn>k?

2n —3 2n—3—-2(n+1)
d(X"'x)z‘n+1_2|= n+1
2n—3—2n—2 -5 5
:‘ n+ 1 :‘n+1=n+1

Ve > 0, by Arch. Property - 3K € N 3
vk >5-2<k.

Vn>K+n+1>k+1ka+1>kk>§
=>n+1>k+1>k>6E

1
— << vn>k
n+1 5



EXcC:

llet< X, > =< \/% >, show that lim,,_, .. X;;, = 0

2.Let< X, >=< gf—; >, show that lim,,_, , X,, = —g

3Let< X, >=<—

Show that the following sequence are divergent
1<X,>=<+n>
2.< X, >=<(=1D">
3< X, >3">

4< X, >=<

~ >, show that limy,_, o, X, = %

nZ

2n—1

>

Theorem: If < X,, > Is convergent sequence in (X, d),
then < X,, > has a unique limit point.
Proof:
Suppose < X,, > has two limit points x and y with
x#yandd(x,y) =€
Since X,, >y = Ve >0,3k, e Ns,td(x,y) <§
Let k = max{kq, k,}
Sinced(x,y) <d(x,x,) +d(x,,y) < % +§ =€
=>d(x,y)< €,Ve>0
This true only when d(x,y) =0=>x =y - C!
.. < X, > has a unique limit point.



LCH (15)

Definition: A seq. < X,, > Is called bounded the set
{X,,;:n € N} Is bounded

l.e. < x,, > Is bounded if

Idm > 0s.td(x,,x,) <M,Vn,Vm.

EX:
_ n+1
1.<( 171 >= ;_%;gr_%)
(_1)n+1 1 .

|xn|=‘ . =;S1 = < x,, > IS bounded
and M =1
2«5+ VTS g 216

. - il

<xn25+%£5+1=6 = < x,, > IS bounded
and M = 6

<n—1>, if nisodd
3<n+ (1" >=
<n+1>, if niseven



4-|xn| —

n+ 1| =2

Theorem: In metric space. Every convergent sequence Is
bounded.
Proof:
Let < x,, > be a convergent sequence in (X, d) and
x, — x, 10 prove < x, > Is bounded
Sincex, >x =>Ve>0,3keNs.td(x,x) <
e,Vn >k
Thate =1 = d(x,,x) < 1,Vn € k.
Let r = max{1,d(xy,x), d(xy,x),...,d(x,, x) }
= d(x,,x) <r
~ < x, > Isbounded and M = 2r

Remark: The convers of above theorem is not true.

Ex. < (-D">= -1,1,-1,1, ...
l%,| = |[(—1D"| =1 = < x,, > is bounded and
M=1
< (—1)™ > is divergent?

Remake: If < x,, > unbounded, then < x,, > Is divergent.



Proof:

Suppose that < x,, > converged and unbounded
sequence.

Since < x,, > Convergent —» < x,, > bounded by
theorem (In metric space, every conv. Seq. IS
bounded) = C! ,So < x,, > unbounded Is < x,; > IS
divergent

EX:
> <x,>=<Vn—-1>=
0,v1,v2,v3, ... unbounded = < x,, > divergent

> <x,>=<n‘—-n>=
0,2,6,11,... unbounded = < x,, > divergent

LCH (16)

Definition: Let < x,, > be a real sequence. Then it is
called
e Non — decreasing. If x,.1 = x,,,Vn
e Non — increasing. If x,,,1 < x,,,Vn.
e Not monotone. If it does not increasing and
decreasing.



EX:

1
F< Xy >=<=>

1 1
X, = — X — —_——
n Jn ' ontl Vn+1

vi,n+1>n = Vn+1> Vn-

Xn+1 S Xp
< X, > 1S NoN — Increasing

1 1
< —
n+1 — 2

-

:

Xy > =< —— >

n+1
X = n X __n+1
L S ot S
X Y. — n+1 n _ (m+1)-n(n+2)
n+l n n+2 n+1 (n+1)(n+2)
n®+2n+1-n®-2n _ 1
m+1)(n+2)  (n+1D)n+2)

S X1 — X > 0> x4 >x,,VN, < X, > NON—
decreasing
* < x, > =< (—1)" > not monotone

—1)n
*<xn>=<()

) > not monotone.
sin(n)

* < x, > =< (—5)" > not monotone.

Theorem: Every monotone bounded real seq. Is
convergent



EX: < x, >= ((_:L)n) > 0

< x, > Convergent seg. but not monotone.

1

Ex: Show that x,, = nj-l t—+t # IS convergent.

Theorem: Let (X, d) be a metric spaceand S € X :
. If<x, >seq.inSandx,, > xthenx e Sorx € §'
. If x € Sor x € S', then there exists a sequence < x,, >
INnSstx, - x

Definition: The sequence < x,, > IS a sub sequence of
< x, >, If <m > Isincreasing sequence in N.

Ex: find a sub Seq. of the following seaq.
1<x,>=<+n>
Solution:

<+vn>= V1,vV2,4/3, ..
LEC (17)

Let <m > =< 2n > increasing Seq. in N, the Sequence
IS



<Xm>=<V2n>=+v2,V416,..
Let <m > =< n+ 3 > increasing seq in N, the sub seg
IS

<m>=<+Vn+3>= V4,56, ..

Theorem: Let < x,, > be a convergent Seqg and
lim,,_, ,, X,, = x then the sub seq < X,,,,, > also conv. To

x, where n — o
Proof:
Since x,, > x,Ve > 0,3k e Ns.td(x,,x) <
e,Vn >k
Choosenr > k,thenvm >r-nm >nr > k
= d(x,m,x) < €,Vnm >k
=< Xy > o X

Definition: Let (X, d) be a metrices space and < x,, > be
a seq. in X we say that

< x, > Isaprinciple. (Caushy) seq. if Ve > 0,3k €

N s.td(x,, x,) <€VYn,m> k.

EX: prove that < % > Is Caushy seq in R?

Solution: Ve > 0,tofind k € Ns.t d(x,,, x,,) <
e,vVnm >k Vnm > k.



1 1 1 1] 1
____<_ _ _
Letm>n—>d(xn,xm)—‘n ‘_‘n‘+‘ ‘<n+
1 2

n

n
Since € > 0 (by Arch. Prop) - 3k € N s.t
ke > 2 - % <€

vn>k,d(x, x,) = |x, — x| <%< e,vVn,m >
k — < X,, > Is Caushy seq.

Theorem: | metric space (X, d), every Convergent seq. IS
Caushy.

Remark: The Converse of the above theorem. Is not true
by the following example.

Ex: Let X = IR™™ positive numbers d(x, y) =
lx —y|,Vx,y € R**,vn > k.

<x,>=< % > IS Caushy seq.
But—— 0 & R**

s < % > Is hot Conv

Theorem: In metric Space (x, d) every Caushy seq. Is
bounded.



Ex: Let < x,, > = (—1)" be a seq.
< x, > 1S bounded seq, but not Caushy Seq
Sinced(—1,1) =1<¢eVe>0

fe=152<i5(l
2 2

Theorem: For any real number r, 3 rational Caushy Seq
< x, >Convtor.

LEC (18)

Definition: Let(X, d) be a metric space we say that X Is
Compete. If every Cauchy Seq.
In X coverage to a point in X.
l.e.. X Is complete. If V< X,, > Cauchy Seq.
—» dx € Xs.t X, — X.

Theorem: Cantor’s theorem for Nested sets.

Proof:
Let (X, d) be a Complete matric Space and < E,, >
be a seq of closed bounded Subset of X such that
E,>E,>--E, DE, ., Vnand the Sequence of
Positive numbers < daim E,, > — 0,then N E,, =
Singleton point



Remark: The condition of closed sets of Cantor’s theorem
IS necessary.

Ex: LetE, = (0 ,1) be the open intervals, E,,,; € E,, ,

n

and daim(E,) = % - 0,Vn E,, is bounded
and not closed. Provethat N E,, = @
Proof:
SupposeNE, #@ - Ar € E, s.t
1
T E (0 ,;),V‘n

Sincer > 0, by Arch.pvop ,3k € N s.t
kr > 1—>i<r—>C!
- NE, =0

Corollary: Let < +n > be aseq of closed intervals,
I, = [a,, b,] such that
1.1, D 1,.4
2.lim,,_,, |I,| = 0, then n I,, =singleton Point

Theorem: R™ is Complete metric Space, n > 1
l.e.: (Every Cauchy sequence in R™ is Convergent)



Theorem: Let< X,, >,< Y, > and < Z,, > real Sequence
stvn,X, <Y, <Z,and

lim,,_, . X,, = lim,_, », Z,, = a then
lim, .Y, =a

Theorem: let < X,, > be a real sequence such that < X,, >
Converge to 0 and

X, > 0,p > 0then < X/ > converges to 0
Proof:
<X)>=xi,x5,xb, ...
Since<X,,>>0-Ve>0,3keNs.t
1 X;—ol = |X;,| < €P,¥vn >k and

X Xy o X | = (X 1K ] o [ X ] = X |P <
1\ P
(65) vn>k

<XP\>-0.
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